Dislocations corresponding to a change of stacking in two-dimensional hexagonal bilayers, graphene and boron nitride, and associated with boundaries between commensurate domains are investigated using the two-chain Frenkel-Kontorova model on top of ab initio calculations. Structural transformations of bilayers in which the bottom layer is stretched and the upper one is left to relax freely are considered for gradually increased elongation of the bottom layer. Formation energies of dislocations, dislocation width and orientation of the boundary between commensurate domains are analyzed depending on the magnitude and direction of elongation. The second-order phase transition from the commensurate phase to the incommensurate one with multiple dislocations is predicted to take place at some critical elongation. The order parameter for this transition corresponds to the density of dislocations, which grows continuously upon increasing the elongation of the bottom layer above the critical value. In graphene and metastable boron nitride with the layers aligned in the same direction, where elementary dislocations are partial, this transition, however, is preceded by formation of the first dislocation at the elongation smaller than the critical one. The phase diagrams including this intermediate state are plotted in coordinates of the magnitude and direction of elongation of the bottom layer.
I. INTRODUCTION
Dislocations are common defects in any crystals.
1 They are not only responsible for plastic deformation of the materials but also affect their electronic, optical 2,3 and transport properties. 4, 5 Two-dimensional crystals based on novel layered materials, such as graphene and hexagonal boron nitride, are not exceptions. [6] [7] [8] [9] In this case, dislocations can be divided into two very distinct classes: dislocations within the layers disturbing perfect hexagonal ordering of atoms (see review 10 ) and dislocations between the layers manifested through the changes in the layer stacking. 11, 12 The latter ones ( Fig. 1) , though often observed in the experimental images, where the bilayer or few-layer system appears divided into a number of commensurate domains separated by incommensurate boundaries, [6] [7] [8] [9] are much less studied compared to the dislocations within the layers and other in-plane structural defects. 10 Nevertheless, numerous experimental and theoretical studies show that such dislocations tune electronic [13] [14] [15] [16] [17] and optical 18 properties of graphene and thus can be used for development of nanoelectronic devices. In the present paper, we use the formalism of the Frenkel-Kontorova model 1, 11, 19 on top of ab initio calculations to analyze structure and energetics of dislocations in stacking of two-dimensional bilayers.
The presence of two degenerate but inequivalent minima AB and AC on the potential surface of interlayer interaction energy of bilayer graphene provides that elementary dislocations in stacking in this material are partial (Fig. 1b) . [6] [7] [8] [9] 11 The Burgers vector b of such dislocations is equal in magnitude to the bond length l and is smaller than the lattice constant a 0 = l √ 3. We suggest that partial dislocations can be also observed in hexagonal boron nitride with co-aligned layers (AB stacking in the commensurate state) since the symmetry of its potential energy surface is the same as the one for graphene.
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Though such a stacking mode of hexagonal boron nitride layers does not correspond to the global energy minimum, it is metastable and has been observed experimentally. 20 Therefore, we consider formation of partial dislocations both in bilayer graphene and hexagonal boron nitride with the layers aligned in the same direction. In boron nitride with the layers aligned in opposite directions, on the other hand, two non-equivalent minima on the potential energy surface are rather different in energy. Thus, in this material, we study full dislocations with the Burgers vector b = l √ 3 (Fig. 1a) .
The formation energy of dislocations, which includes contributions to the elastic energies of the layers and the energy of their interaction and is proportional to the length of the boundary between commensurate domains, can be significant in the absence of external strains. 6, 11, 12 Application of external strains to one of the layers, however, changes the balance of the elastic and interlayer interaction energies.
11 At small strains, the interlayer interaction tends to keep the layers commensurate. Upon increasing the strain to some critical value it becomes favourable to release the excessive elastic energy by formation of a dislocation. Increasing strains further leads to generation of more and more dislocations. In the limit of infinite length of the system the density of dislo- cations changes continuously upon increasing the strain above the critical value and the second-order phase transition from the commensurate to incommensurate phase characterized by the density of dislocations as the order parameter takes place. 11, 21 Commensurate and incommensurate phases have been widely studied for adsorbates and commensurate-incommensurate phase transitions have been observed upon change in temperature, pressure or coverage. 1 The discovery of one-dimensional crystals such as carbon nanotubes and two-dimensional FIG. 2. Scheme of generation of partial dislocations (inclined lines) in bilayer graphene or hexagonal boron nitride with the layers aligned in the same direction upon stretching the bottom layer (shaded area). The angles characterizing relative orientation of the normal n to the boundary between commensurate domains, Burgers vector b of the dislocation and direction of elongation of the bottom layer (dashed line) are indicated. α is the angle between the direction of elongation and Burgers vector b. φ is the angle between the normal n to the boundary between commensurate domains and direction of elongation. β = α + φ is the angle between the normal n to the boundary between commensurate domains and Burgers vector b. The coordinate systems x − y and x − y associated with a single dislocation and elongation applied, respectively, are shown.
crystals such as graphene and boron nitride make it possible to observe the commensurate-incommensurate phase transition by stretching of one of the initially commensurate layers 11 or commensurate walls. 19, 22 The crossover from the state with commensurate domains separated by incommensurate boundaries to the fully incommensurate state was already observed for the layers with a small lattice constant mismatch by changing the relative orientation of the layers.
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In the present paper we consider graphene and boron nitride bilayers with the gradually stretched bottom layer and free upper layer (Fig. 2) . The potential energy surfaces of bilayer graphene and hexagonal boron nitride obtained on the basis of density functional theory (DFT) calculations are used to estimate characteristics of dislocations in these materials. Phase diagrams for the commensurate-incommensurate phase transition in coordinates of the magnitude and direction of elongation are obtained. Differences in structural transformations taking place upon stretching the bottom layer are revealed in boron nitride with the layers aligned in the opposite directions, where the elementary dislocations are full, and graphene and boron nitride with the layers aligned in the same direction, where the elementary dislocations are partial.
The estimated physical quantities can be accessed experimentally, for example, by transmission electron microscopy. Comparison of the theoretical estimates and experimental data could provide a valuable insight into interaction of atomically thin layers. Experimental observations of pre-existing dislocations in few-layer graphene already allowed to get an experimental estimate of the barrier to relative sliding of graphene layers. 6 Though in the present paper we focus on structural transformations that take place in two-dimensional layered materials upon stretching (Fig. 2) , similar phenomena can be observed upon shear or bending deformations.
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The paper is organized in the following way. In section 2 we discuss basic characteristics of interlayer interaction and elastic properties of graphene and boron nitride layers. In section 3 the energetics and structure of dislocations in bilayers are analyzed depending on the elongation of the bottom layer and the commensurateincommensurate phase transition is considered. Finally conclusions are summarized.
II. INTERLAYER INTERACTION AND ELASTIC PROPERTIES
The shape and energy of dislocations in stacking of two-dimensional layers are determined by the balance of elastic energies of the deformed layers and the energy of their interaction. In the present paper the elastic properties and potential energy surfaces, i.e. dependences of the interlayer interaction energy on the relative position of the layers, are obtained by DFT calculations taking into account van der Waals interactions through the nonlocal vdW-DF2 functional. 25 The calculations are performed using VASP code. 26 The maximum kinetic energy of plane waves is 600 eV. The interaction of valence electrons is described using the projector augmented-wave method (PAW). 27 The convergence threshold of the selfconsistent field is 10 −6 eV. The rectangular unit cell with 4 atoms in each layer and height of 20Å is considered under periodic boundary conditions. Integration over the Brillouin zone is performed using the Monkhorst-Pack method 28 with at least 24 × 20 × 1 k-points (in the armchair and zigzag directions, respectively). These parameters provide convergence of the barriers to relative sliding of the layers with respect to the number of k-points and maximum kinetic energy of plane waves within 2%.
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The optimized bond lengths for graphene and hexagonal boron nitride are l = 1.430Å and 1.455Å, respectively, close to the experimental data for graphite [30] [31] [32] [33] [34] [35] [36] [37] and bulk boron nitride. 33, [38] [39] [40] [41] [42] [43] [44] [45] The potential surface of interlayer interaction energy is considered at a fixed interlayer distance known from the experiments of d = 3.33Å for bulk boron nitride 33, [38] [39] [40] [41] [42] [43] [44] [45] and d = 3.34Å for graphene. [30] [31] [32] [33] [34] [35] [36] [37] Setting the interlayer distance at the experimental value combined with the use of vdW-DF2 functional 25 allows to get the potential energy surfaces 12 in close agreement with the local second-order Møller-Plesset perturbation theory (LMP2), 46 which is a highlevel ab initio method that adequately describes van der Waals interactions.
The calculated potential energy surfaces for bilayer boron nitride with the layers aligned in the same or opposite directions are presented in Fig. 3 . It should be noted that for graphene and bilayer boron nitride with the layers aligned in the same direction (Fig. 3a) , the potential energy surfaces are very similar when they are expressed in the units of the bond length l and barrier to relative sliding of the layers V max . 12 The minima on the potential energy surface in this case correspond to the AB stacking in which half of atoms of the upper layer are located on top of atoms of the bottom layer and the other half on top of centers of hexagons (Fig. 3b) . 12, 29, [47] [48] [49] [50] [51] [52] [53] The barrier to relative sliding of the layers is determined by the energy of the saddle-point stacking (SP) stacking relative to the AB stacking. The barrier calculated for graphene layers is V max = 1.61 meV/atom (note that all energies for bilayers in the present paper are given in meV per atom in the upper (adsorbed) layer). This value is in agreement with the experimental estimates from the shear mode frequency and width of dislocations of 1.7 meV/atom 47 (Fig. 3d) . The shallow minima correspond the AB1' stacking with boron atoms of the upper layer on top of boron atoms of the bottom layer and the rest of atoms of the upper layer on top of hexagon centers. According to our calculations, this stacking is E AB1 = 3.10 meV/atom less stable than the AA' stacking, in agreement with the LMP2 result of 4.4 meV/atom. 46 The calculated barrier to relative sliding of the layers is V max = 3.57 meV/atom.
To calculate the formation energy of dislocations it is needed to know the interlayer interaction energy along the dislocation path, i.e. along the curve on the potential energy surface described by the dependence of relative displacement u of the layers on the coordinate x in the direction perpendicular to the boundary between commensurate domains that minimizes the formation energy of dislocations. As discussed in Appendix, the dislocation path of partial dislocations in graphene or hexagonal boron nitride with the layers aligned in the same direction exactly corresponds to the minimum energy path between two adjacent minima and is represented by a straight line AB -AB in one of the armchair directions (Figs. 3a and b). In the case of full dislocations in boron nitride layers aligned in the opposite directions, we suggest that the dislocation path can also be approximated by the minimum energy path consisting of two straight lines AA' -AB1' -AA' (Figs. 3c and d).
It has been shown in the previous papers that the potential energy surfaces of graphene 47, 49, 52, 53 and hexagonal boron nitride 12 can be described with high accuracy by expressions containing only the first Fourier harmonics. In the case of graphene layers 47, 49, 52, 53 or boron nitride layers aligned in the same direction, 12 this means that the dependence of the interlayer interaction energy V on the relative displacement u of the layers along the dislocation path AB -AB of partial dislocations (Fig. 3b) can be represented as
where k 0 = 2π/3 ( Fig. 3a) and u is in units of the bond length l, 0 ≤ u ≤ 1. As shown in the next section, this minimum energy path provides contribution
Taking into account the relative energy of the AB1' stacking E AB1 /V max = 0.870, the variation of the interaction energy V along the straight piece of the dislocation path AA' -AB1' for boron nitride layers aligned in the opposite directions 12 can be approximated as ( Fig. 3d ) 
III. DISLOCATIONS AND PHASE TRANSITION A. Model description
Let us now consider the energy and structure of dislocations in stacking of bilayer graphene and boron nitride ( Fig. 1) . To include the effect of external strains and analyze the commensurate-incommensurate phase transition we study the case when the bottom layer is stretched, while the upper layer is left to relax freely (Fig. 2) . The direction of elongation of the bottom layer is arbitrary. However, we assume that distances between boundaries separating commensurate domains exceed considerably their widths and there are no boundary crossings. This is a reasonable assumption for samples with the high aspect ratio and low density of dislocations. It is also supposed that the sample width is much greater than the width of boundaries between commensurate domains so that the edge effects can be neglected.
Our derivations are based on the formalism of the twochain Frenkel-Kontorova model, 19 which was successfully applied previously to study dislocations in double-walled carbon nanotubes 19, 22 and the tensile partial dislocation in graphene. 11 In this model two chains of particles connected by harmonic springs are considered. The chains are coupled through the forces corresponding to the van der Waals interaction of the layers. To apply this model to two-dimensional layers it is assumed that the particlespring pairs correspond to ribbons of the layers parallel to the boundary between commensurate domains.
11 Since the standard model 11, 19, 22 is purely one-dimensional it is limited to tensile dislocations under tensile elongation.
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We extend the model to systems where atoms of the layers are displaced on the two-dimensional surface, the Burgers vector forms an arbitrary angle to the boundary between commensurate domains and arbitrary strain is applied. In this case springs should be substituted by two-dimensional objects which elastic properties are described by the elasticity tensor. Then it is easier to skip the step of discrete particles and to start directly from the continuum formulation of the model. It should be noted, however, that we still restrict ourselves to consideration of isolated dislocations where relative displacements of atoms of the layers are functions only of the coordinate x across the boundary between commensurate domains and do not depend on the coordinate y along the boundary (Fig. 2 , we consider the coordinate system of the gray rectangular).
To obtain the energy per unit length of the boundary between commensurate domains we represent it as W = wdx, where w is the energy density given by the sum w = w and their interaction energy w int . Let us first consider the elastic energies. The tensile strain i,x in the direction x across the boundary between commensurate domains and shear strain γ i,xy in layer i include external strains x and γ xy and strain v i = d v i /dx associated with formation of the dislocation, where v i (x) are displacements of atoms relative to their regular positions in the commensurate bilayer when only uniform external strains are present (analogous to displacements of particles of the one-dimensional Frenkel-Kontorova model relative to equidistant positions in the commensurate chains). Therefore, i,x = x + v i,x and γ i,xy = γ xy + v i,y , respectively. Since the layers are commensurate in the direction y along the boundary, tensile strains in this direction are the same for both of the layers and are equal to the external strain i,y = y . The tensile and shear stresses in the layers, however, are different for all the directions and are related to the strains through the elastic constant under uniaxial stress k = Y d and Poission ratio ν as σ i,x = E( i,x + ν i,y ), σ i,y = E( i,y + ν i,x ) and τ i,xy = Gγ i,xy , where E = k/(1 − ν 2 ) and G = k/2(1 + ν) are the tensile and shear elastic constants per unit area, respectively. Using these strains and stresses, the density of elastic energy of layer i can be found as
The density of the interaction energy is w int = V ( u), where u = ( v 1 − v 2 )/l is the relative displacement of the layers in units of the bond length l. It is also necessary to mention the boundary conditions for v i . The external strains are introduced through stretching or shear deformation the bottom layer so that the geometry of the bottom layer is fixed. This provides the boundary condition for the bottom layer ∆v 2,x = ∆v 2,y = 0, where ∆ v 2 = v 2 (+∞) − v 2 (−∞). The upper layer is allowed to relax freely.
In terms of variables u and a = ( v 1 + v 2 )/2l, the energy of the bilayer with a dislocation relative to the commensurate system can be finally presented as ∆W = ∆W 0 + ∆W , where ∆W 0 is the energy in the absence of external strains and ∆W is the energy change provided by the external load. The first one is given by
Here K( u ) = E cos 2 θ( u ) + G sin 2 θ( u ) describes the dependence of the elastic constant on fractions of tensile and shear character in the dislocation and θ is the angle between the dislocation path and normal to the boundary between commensurate domains sin θ = u y /| u |.
In the presence of the external load, formation of dislocations can reduce the elastic energy of the free layer. The corresponding contribution to the formation energy of dislocations does not depend on the dislocation path ∆W = El( x + ν y )∆u x + Glγ xy ∆u y .
Here ∆ u = u(+∞) − u(−∞) = − b/l, b is the Burgers vector of the dislocation and we take into account the boundary conditions for the bottom layer.
B. Formation energy and width of dislocations
As discussed in Appendix, the dislocation path, i.e. the curve described by the dependence u(x) that minimizes the formation energy (Eqs. (4) and (5)), lies along the minimum energy path AB -AB for partial dislocations (Figs. 3a and b) and approximately along the minimum energy path AA' -AB1' -AA' (Figs. 3c and d) for full dislocations. The dislplacement along these curves is driven by the analogue of the energy conservation law (obtained by integration of the Euler-Lagrange equations (A.1))
The integration constants c 1 and c 2 are associated with the energy cost for interaction of adjacent dislocations and determine the number of dislocations generated at high strains. 1 In the limit of low density of dislocations and large systems, 1,11 however, these integration constants tend to zero and can be neglected. Using the equality in the density of the elastic and interaction energies of the layers that holds in this case in Eq. (4), the formation energy of dislocations in the absence of external strains can be represented as the geometrical mean of the elastic and interaction energies
Let us start from consideration of partial dislocations in graphene (Fig. 1b) and boron nitride layers aligned in the same direction. In these dislocations, the layers are displaced along straight lines in the direction opposite to the Brugers vector (Fig. 3a) , i.e. at the angle θ = 180
• +β to the normal to the boundary between commensurate domains, where β is the angle between the Burgers vector and the normal to the boundary (Fig. 2) , while u changes from 0 to 1. Then the formation energy of partial dislocations in the limit of zero external strain given by Eq. (7) can be presented as ∆W 0 (β) = W 0 K(β)/k (Fig. 4) , where we denote
It should be noted that the parameter W 0 takes very close values for bilayer graphene and boron nitride with the layers aligned in the same direction: 0.10505 eV/Å and 0.10532 eV/Å, respectively. The formation energy of partial dislocations per unit length of the boundary between commensurate domains changes in the absence of external strains from ∆W 0 (90
for tensile dislocations, i.e. for the boundaries between commensurate domains in the armchair and zigzag directions, respectively.
When the interlayer interaction energy along the dislocation path is approximated simply by the cosine function, it is straightforward to derive analytically on the basis of Eq. (6) (for c 1 → 0) that partial dislocations are described by a soliton with a short incommensurate region separating commensurate domains
Though in the present paper we describe the interlayer interaction energy in partial dislocations in a different way (Eq. (1)) based on the approximation of the full potential energy surface of graphene and boron nitride layers aligned in the same direction, the calculated dislocation path is still very close to this analytical solution (Fig. 1d) . The slope of the dependence of displacement u x (x) is nearly constant around the dislocation center and roughly equal to the maximum value | u | max . In this case the dislocation width can be defined in the way sim- ilar to the analytical solution
It is seen from this formula that the dislocation width follows that same dependence on the angle β between the Burgers vector and normal to the boundary between commensurate domains as the formation energy ∆W 0 per unit length of the boundary between commensurate domain (Fig. 5) , increasing upon changing the dislocation character from shear to tensile. The calculated angular dependence of the dislocation width in graphene is in good agreement with the experimental data 6,8,9 ranging from 11 nm for tensile dislocations to 6 -7 nm for shear dislocations (Fig. 5) . The obtained widths of partial dislocations in graphene are also on the order of the values calculated for graphite 60 (5.6 nm and 3.7 nm for tensile and shear dislocations, respectively).
For full dislocations (Fig. 1a ) in boron nitride with the layers aligned in the opposite directions, we take into account contributions from two straight pieces of the dislocation path (Fig. 3c) substituting K(β) in the expressions for the formation energy and dislocation width (Eq. and maximal W 0 ((5 − 3ν)/2(1 − ν 2 )) 1/2 for tensile dislocations (Fig. 4) , where W 0 = 0.166 eV/Å. However, in this case the full tensile and shear dislocations correspond to the boundaries between commensurate domains in the armchair and zigzag directions, respectively. Similar to partial dislocations, the angular dependence of the width of full dislocations is the same as of the formation energy per unit length of the boundary between commensurate domains (Fig. 5) . For each straight piece of the dislocation path, the slope | u (x)| is nearly constant at distances from the dislocation center comparable to the dislocation width (Fig. 1c) . This makes possible accurate measurements of the dislocation width. Such an information can be used to estimate the barrier to relative sliding of boron nitride layers by transmission electron microscopy in the same way as it was done for graphene. 6 
C. Critical elongation for formation of dislocations
Let us consider the case when the bottom layer is stretched up to the relative elongation at an angle φ to the normal to the boundary between commensurate domains, the upper layer is free and both of the layers are allowed to relax freely in the direction perpendicular to the elongation, i.e. there are strains x = , y = −ν and γ x ,y = 0 in axes x and y along the direction of elongation and in the perpendicular direction, respectively (Fig. 2) . In axes x and y associated with the boundary between commensurate domains, the external strains can be written as
In the case when the normal to the boundary between commensurate domains forms the angle β with the Burgers vector b of the dislocation, the angle between the direction of elongation and Burgers vector is α = β − φ (Fig. 2) . Using Eq. (10) and taking into account that ∆u x = −b/l cos β and ∆u y = −b/l sin β, the correction to the formation energy of such dislocations under the external strain given by Eq. (5) takes the form ∆W (β, α) = − kb cos α cos (α − β).
It should be noted that for a given direction of elongation of the bottom layer, the angle α can take only six discrete values in two-dimensional hexagonal layers, since there are six possible directions of the Burgers vector corresponding to the armchair direction for partial dislocations or zigzag direction for full dislocations. Depending on the angle α between the direction of elongation and Burgers vector and elongation of the bottom layer, the optimal angles β and φ = β − α corresponding to the orientation of the boundary between commensurate domains (Fig. 2) can be found by minimization of the formation energy of dislocations determined by Eqs. (7) and (11) . The dependences of the optimized formation energy ∆W of dislocations per unit length of the boundary between commensurate domains and the corresponding angle φ on the elongation for several angles α are shown in Fig. 6 for partial dislocations in graphene. The results for partial and full dislocations in boron nitride with the layers aligned in the same and opposite directions, respectively, are qualitatively similar.
Except for the angle α = 90
• , these dependences are non-linear (Fig. 6a) . In the case of α = 90
• , i.e. when the Burgers vecor is perpendicular to the direction of elongation, the formation energy cannot be reduced by stretching the bottom layer and shear dislocations with the boundary between commensurate domains parallel to the Burgers vector and perpendicular to the direction of elongation are preferred. At other angles α, the angle φ changes from 90
• − α in the limit of small elongations to 0
• in the limit of large elongations (Fig. 6b) . The first of these limits means that the boundary tends to become parallel to the Burgers vector and is related to the preference of shear dislocations in the absence of external strains. In the second of these limits, the boundary between commensurate domains tends to become perpendicular to the direction of elongation. In the particular case of α = 0
• , i.e. when the Burgers vecor is parallel to the direction of elongation, the angle φ reaches 0
• at the finite elongation of = 0.596W 0 /kl = 2.12 · 10 −3 for graphene. Upon exceeding this elongation, the boundary between commensurate domains stays perpendicular to the direction of elongation, while the formation energy depends on the elongation linearly.
The gradual reduction of the formation energy of dislocations upon increasing the elongation of the bottom layer (Eq. (11)) finally provides that the formation of dislocations becomes energetically favourable (Fig. 6a) . As follows from Eqs. (7) and (11), the critical elongation c (α) at which the formation energy of dislocations with the Burgers vector at the angle α to the direction of elongation is zero ∆W = ∆W 0 + ∆W = 0 is given by
Here β c is the optimal angle between the normal to the boundary between commensurate domains and the Burgers vector of the dislocation at the critical elongation. This angle is determined by the conditions
for partial dislocations (Fig. 1b) and
for full dislocations (Fig. 1a) , where we use the notation
The orientation of the boundaries between commensurate domains in real samples, however, is determined by the total formation energy of dislocations, not by the energy per unit length, and depends on the sample geometry. However, the critical elongation c and the corresponding orientation β c of the boundary between commensurate domains are always given by Eqs. (12) - (14), since in this case the formation energy is zero irrespective of the boundary length.
In the particular case of a rectangular ribbon stretched along the axis (Fig. 2) , the formation energy of dislocations per unit ribbon width ∆W/| cos φ| = ∆W/| cos (α − β)| (Fig. 6a) should be optimized. For this geometry of the sample, the optimal angles β and φ = β − α do not depend on the elongation (Fig. 6b) and are the same as the values given by Eqs. (13) and (14) at the critical elongation. This leads to the linear dependence of the optimized formation energy ∆W/| cos φ| of dislocations per unit ribbon width on the elongation of the bottom layer, different from the case of the formation energy ∆W of dislocations per unit length of the boundary between commensurate domains (Fig. 6a) .
Let us now discuss the dependence of the critical elongation c at which formation of dislocations becomes thermodynamically favourable on the angle α between the Burgers vector and the direction of elongation (Fig. 7a) . For all the considered materials, at α = 0
• this elongation is only slightly above W 0 /kl, which corresponds to the analytical solution for partial dislocations • ). The blue lines of medium thickness show the results for the boundaries between commensurate domains characterized by the minimal formation energy per unit length of the boundary. The thick red lines correspond to the results for ribbons strectched along the axis. In this case the formation energy per unit ribbon width ∆W/| cos φ| is minimized and is presented in the figure. For α = 90
• (dotted line), all three cases correspond to the same boundary perpendicular to the direction of elongation (φ = 0
• ). For α = 0 • (dash-dotted line), the minimal formation energy per ribbon width is reached for the boundary perpendicular to the direction of elongation and the thin black lines and thick red lines are the same. In these cases of coinciding lines, red lines are shown.
when the interlayer interaction energy along the dislocation path is approximated by the cosine function.
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In the limit of α → 90
• , the critical elongation becomes infinitely large, demonstrating that it is not possible to reduce the formation energy of dislocations by stretching the bottom layer in the direction orthogonal to the Burgers vector. The optimal angle φ c between the bound-ary between commensurate domains and the direction of elongation at the critical elongation is 0 in the limits α → 0
• and α → 90 • (Fig. 7b) , i.e. the boundary between commensurate domains tends to be perpendicular to the direction of elongation in these limits.
In spite of these qualitative similarities in the dependences of the critical elongation and orientation of the boundary between commensurate domains on the direction of elongation for the considered materials, they are some differences. The critical elongation for full dislocations in bilayer hexagonal boron nitride with the layers aligned in the opposite directions exceeds W 0 /kl = 6.69·10 −3 by 9% at α = 0 • and grows monotonically. For partial dislocations in bilayer graphene or boron nitride with the layers aligned in the same direction, the critical elongation is only 2% greater than W 0 /kl at α = 0
• and weakly depends on α for α < 60
• . Nevertheless, there is a small minimum in the critical elongation corresponding exactly to the value W 0 /kl = 3.56 · 10 −3 at α = 22.6
• for bilayer graphene. For boron nitride with the layers aligned in the same direction, this minimum is W 0 /kl = 4.25 · 10 −3 and it is observed at α = 24.1
• . Smaller values of the critical elongation for graphene compared to boron nitride with the layers aligned in the same direction is related to the higher stiffness of graphene.
D. Phase diagram
Let us now consider different phases that are possible in two-dimensional hexagonal bilayers. For boron nitride bilayer with the layers aligned in the opposite directions, where elementary dislocations are full, the phase diagram is rather simple since adjacent dislocations can have the same Burgers vector. Then to minimize the total energy all dislocations present in the sample should be identical. Due to the symmetry of the layers it makes sense to consider only the angles 0
• between the direction of elongation and any of the armchair directions. At each angle α 0 there are three possible full dislocations with the positive critical elongation (Fig. 8a , the diagram for the negative elongations is similar). The smallest critical elongation˜ c (α 0 ) corresponding to the dislocations with the angle α = α 0 − 30
• is the one at which formation of the first dislocation takes place (Fig. 8b) . Increasing the elongation of the bottom layer further makes favourable incorporation of more and more similar dislocations. Therefore, the formation of the first dislocation in bilayer boron nitride bilayer with the layers aligned in the opposite directions corresponds to the second-order phase transition to the incommensurate phase described by the density of dislocations as the order parameter. 11, 21 The optimal structures at elongations exceeding˜ c (α 0 ) contain multiple identical dislocations characterized by the same angle α = α 0 − 30
• and the same orientation of the boundary between commensurate domains, i.e. angles β(α, ) and φ(α, ) (Fig. 2) . The critical elongation (Fig. 2) . (b) Optimal angles φc between the normal to the boundary between commensurate domains and direction of elongation (in degrees, thick lines) and βc between the normal to the boundary between commensurate domains and Burgers vector (in degrees, thin lines) at the critical elongation as functions of the angle α (in degrees) between the Burgers vector and direction of elongation.
c weakly depends on the direction of elongation and is about 7.5 · 10 −3 . A shallow minimum in the critical elongation is reached for the bottom layer stretched in the zigzag direction.
For graphene and boron nitride with the layers aligned in the same direction, there are again three possible partial dislocations with different directions of the Burgers vector at each angle α 0 (Fig. 9a) . Formation of the first dislocation takes place at the smallest of the corresponding critical elongations˜ c (α 0 ) reached for dislocations with α = α 0 (Fig. 9b) . However, generation of adjacent identical partial dislocations is not possible. The potential surface of interlayer energy (Fig. 3a) requires that Burgers vectors of consecutive partial dislocation change so that their sum gives the vector with the magnitude of the lattice constant. Therefore, transition to the incommensurate phase with multiple partial dislocations occurs at a higher elongation (Fig. 9a) when penetration of pairs of partial dislocations with the sum of the Burgers vector equal in magnitude to the lattice constant becomes thermodynamically favourable. In the case of bilayer samples of the ribbon shape, this second critical elongation is determined by the equation similar to Eq. (12) , where the formation energy ∆W 0 /| cos φ| = ∆W 0 /| cos (α − β)| of dislocations per unit ribbon width and the projection of the Burgers vectors on the ribbon axis b cos α are substituted by the sum of the corresponding quantities for the pair of dislocations. The optimal pair of partial dislocations in this case is characterized by the angles α = α 0 and α = α 0 − 60
• . The requirement of alteration of the Burgers vectors of partial dislocations in the incommensurate phase of graphene and boron nitride with layers aligned in the same direction also leads to alterating orientations of the boundaries between commensurate domains (Fig. 2) .
It should be noted that the first critical elongation˜ c for partial dislocations weakly depends on the direction of elongation of the bottom layer (Fig. 9a) and is about 3.6 · 10 −3 and 4.3 · 10 −3 for bilayer graphene and boron nitride with the layers aligned in the same direction, respectively. The second critical elongation for generation of multiple partial dislocations has a clear minimum when the bottom layer is stretched the zigzag direction. In this case two different partial dislocations with the Burgers vectors at angles α = ±30
• to the direction of elongation are equal in energy and become thermodynamically favourable at the same elongation. Therefore, when the bottom layer is stretched in the zigzag direction, the commensurate-incommensurate phase transition occurs at the same time as the formation of the first dislocation, similar to boron nitride with the layers aligned in the opposite directions.
IV. CONCLUSIONS
We have used potential energy surfaces of bilayer graphene and hexagonal boron nitride obtained by DFT calculations to analyze formation of dislocations in stacking of the layers. The two-chain Frenkel-Kontorova model has been extended to describe dislocations with arbitrary relative orientations of the Burgers vector, boundary between commensurate domains and external strain. The dislocation width, orientation of the boundary between commensurate domains and structural transformations upon increasing the elongation of the bottom layer have been studied.
It is suggested that along with graphene, partial dislocations are possible in metastable boron nitride with the layers aligned in the same direction (AB stacking in the commensurate state). The characteristic width and formation energy of such dislocations at zero external strain are found to be rather close for these two similar materials. The calculated width of partial dislocations in graphene is in good agreement with the experimental data.
In bilayer boron nitride with the layers aligned in opposite directions, formation of the first full dislocation and commensurate-incommensurate phase transition are (Fig. 2) at the critical elongation as functions of the angle α0 (in degrees) between the direction of elongation and any of the armchair directions: (thick lines) α = α0 − 30
• , (medium lines) α = α0 + 30
• and (thin lines) α = α0 − 90
• . The following phases are indicated: (blue/dark gray) commensurate phase and (yellow/light gray) incommensurate phase with multiple full dislocations with the angle α = α0 − 30
• .
found to occur at the same critical elongation. Above this critical elongation, similar dislocations with the same Burgers vector and orientation of the boundary between commensurate domains are expected to form. It is revealed that the critical elongation weakly depends on the direction of elongation. However, there is a shallow minimum for the elongation in the zigzag direction. In the case of bilayer graphene or boron nitride with the layers aligned in the same direction, the second-order transition to the incommensurate phase with the density of dislocations changing continously with the elongation is preceded by the transition to the state with only one partial dislocation. Partial dislocations in the incommensurate phase are characterized by alterating orientations of the Burgers vector and, consequently, alterating orientations of the boundaries between commensurate domains. The first critical elongation corresponding to the formation of a single partial dislocation shows a weak de- • , (thin dashed lines) α = α0 + 60
• (for α0 < 30 • ) and α = α0 − 120
• (for α0 > 30
• ). Pairs of partial dislocations include one dislocation with α = α0 and another dislocation with (thick solid line) α = α0 − 60
• , (medium solid line) α = α0 + 60
• or (thin solid line) α = α0 − 120
• . (b) Optimal angle φc (in degrees) between the normal to the boundary between commensurate domains and direction of elongation (Fig. 2) at the critical elongation for single partial dislocations. The following phases are indicated: (blue/dark gray) commensurate phase, (green/medium gray) structure with a single partial dislocation with α = α0 and (yellow/light gray) incommensurate phase with multiple pairs of partial dislocations with α = α0 and α = α0 − 60
• . The results for pairs of partial dislocations are presented for bilayers of the ribbon shape.
pendence on the direction of elongation. The second critical elongation at which the transition to the incommensurate phase with multiple partial dislocations occurs has a clear minimum for the elongation in the zigzag direction. Bilayer graphene is found to show slightly greater critical elongations compared to boron nitride with the layers aligned in the same direction due to the higher stiffness of graphene.
Electronic properties of monolayer graphene deposited on a flexible substrate at uniaxial strains up to 0.8% have been studied by stretching the substrate in one direction. 61 A method of production of bilayer graphene nanoribbons by deposition on substrates has been elaborated. 62 The boundaries between commensurate domains of bilayer and few-layer graphene have been investigated by scanning transmission microscopy 6, 8 and scanning tunneling microscopy. 9 These advances in the experimental techniques give us a cause for the optimism that the considered commensurate-incommensurate transition can be observed experimentally for two-dimensional bilayer crystals of the ribbon shape.
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Appendix: Dislocation path
The structure of the dislocations, i.e. the dependences of the relative u and averaged a displacements of the layers on the coordinate x in the direction perpendicular to the boundary between commensurate domains that minimize the formation energy of dislocations (Eqs. The external strain applied to the bottom layer does not enter in these equations. Therefore, the dislocation structure under external strain is not different from the one in the absence of the strain. The first two of the Euler-Lagrange equations (A.1) show that the dislocation path is the same as the trajectory of a particle on the inverse potential energy surface −V ( u) with the fixed initial and final positions corresponding to the deepest energy minima of the original potential energy surface. It should be also noted, however, that the "particle mass" is anisotropic and equal to G/2 and E/2 in the directions along and across the boundary between commensurate domains, respectively. In the case of graphene or boron nitride layers aligned in the same direction this means that the dislocation path is described exactly by the straight line between the adjacent AB minima (Fig. 3a) , i.e. the minimum energy path.
11,12
The solution of Eq. (A.1) for full dislocations in boron nitride layers aligned in the opposite directions, on the other hand, depends on the angle between the Burgers vector and the boundary between commensurate domains and cannot be derived analytically. Based on the qualitative considerations that the rapidly changing potential at slopes of the AB2' hill should be avoided, we assume that the path of full dislocations is also roughly described by the minimum energy path AA' -AB1' -AA' consisting of two straight lines at the angle 120
• to each other (Fig. 3c) . A more accurate approximation of the dislocation path can be proposed by introduction of a shortcut between AA' -AB1' and AB1' -AA' lines avoiding the local energy minimum AB1'. The position of this additional straight piece is optimized to minimize the formation energy of dislocations in the absence of external strains. However, the correction to the formation energy in this case does not exceed 10%. This provides an estimate of the accuracy of our approximation of the dislocation path as AA' -AB1' -AA'. It should be noted that this accuracy is comparable to that of DFT calculations of the potential surface of interlayer interaction energy, which can be deduced by comparison of the physically measurable quantities, such as shear mode frequency, 12,47 dislocation width of partial dislocations 6 and shear modulus, 12 with the experimental data.
